Numerical Calculation of Scattering State by Means of Higher Order Radiation Boundary Condition by LIU, Xiao-jin & KAKO, Takashi
TitleNumerical Calculation of Scattering State by Means of HigherOrder Radiation Boundary Condition
Author(s)LIU, Xiao-jin; KAKO, Takashi




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Numerical Calculation of Scattering State by
Means of Higher Order Radiation Boundary
Condition
LIU, Xiao-jin ( , )
KAKO, Takashi ( , $*$ )
1 Introduction
The stationary scattering state of an acoustic wave with a time frequency $k$ scattered
by some bounded obstacle $\Omega$ in the Euclidean space $\mathrm{R}^{\mathrm{n}}$ satisfies the following Helmholtz
equation with the Sommerfeld radiation condition at infinity:
(H)
Here $\Omega$ is a bounded obstacle with smooth boundary $\partial\Omega$ and $\varphi_{0}(x)$ is the boundary value
of some incident wave.
In this paper, we study the case where the space dimension $\mathrm{n}$ is two. In section 2, modifying
the Sommerfeld radiation condition, we find some higher order radiation condition. We
construct in section 3 a sequence of approximate solutions to the scattering state for which
the higher order radiation boundary condition is imposed on an artificial boundary. Our
radiation condition is non-local and contains only bounded operators in its expression.
Hence it is rather easy to calculate numerically. Applying the finite element method to
these auxiliary problems in section 4, we propose an algorithm to calculate approximate
numerical solutions to (H). We give error estimates for respective approximations and
show some numerical examples in section 5.
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2 Higher order radiation condition
Assume that $\Omega$ has a non-empty interior and includes the origin: $0\in\Omega$ . Choosing a
number $R_{0}$ with the property: $\Omega\subset \mathrm{B}_{R_{0}}\equiv\{X||X|\leq R\mathrm{o}\}$ and a smooth function $\chi_{R_{0}}(x)$ such
that
$\chi_{R_{0}}(x)=\{$
1 $(|x|\leq R\mathrm{o})$ (1)
$0$ $(|x|\geq R_{0}+1)$ ,
we define a function $v(x)\equiv(1-\chi R0(x))u(x)$ . From (H), the function $v$ satisfies the equation:
$(\mathrm{H}_{\mathrm{t}})\{$
$-\triangle v-k^{2}v$ $=$ $f$, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}f\subset B_{R1}\mathrm{o}+\backslash B_{R_{0}}$ ,
$\sqrt{r}(\frac{\partial v}{\partial r}-ikv)$ $arrow$ $0$ , $r=|x|arrow\infty$ , (2)
where $.f=(-\triangle-k^{2})(1-x_{R}0(x))u(x)$ . When $n=2$ , the zeroth order Hankel function of
the first kind, $H_{0}^{(1)}(kr)$ , satisfies the equation:
$\{$
$- \triangle(\frac{i}{4}H_{0}(1)(k|x-x’|))-k^{2}(\frac{i}{4}H_{0}^{(1)}(k|X-X^{;}|))$ $=$ $\delta(x-x’)$ ,
$\sqrt{r}(\frac{\iota 9H_{0}^{(1})(k|x-x’|)}{\partial r}-ikH_{0^{1}}^{()}(k|x-x/|))$
$arrow$ $0,$ $r=|x|arrow\infty$ .
(3)
This means that the function $\frac{i}{4}H_{0}^{(1)}(k|x-x|’),$ $x’\in B_{R_{0}+1}$ , is Green’s function of $(\mathrm{H}_{\mathrm{t}})$ .
Noticing that
$H_{0}^{(1)}(k|_{X}-X’|) \simeq\frac{1}{\sqrt{r}}e\sum_{p=}^{\infty}ikr\frac{d_{p}(\tilde{X},X’)}{r^{p}}0’ rarrow\infty$, (4)
for fixed $x’$ with $\tilde{x}\equiv\frac{x}{|x|}=e^{i\theta}$ , we have the asymptotic expansion of $v(x)$ as $r$ tends
to infinity: $v(x) \simeq\frac{1}{\sqrt{r}}$ e $\sum_{p}^{\infty}$ikr $aA\mathrm{L}\theta 1=0r^{p}$ ’ where $a_{p}( \theta)=\int_{B_{R_{0}+1}p}\frac{i}{4}d(\tilde{X}, x’)f(x’)dX’$ . We define
$w(x)\equiv\Sigma_{p=0^{a}p}^{\infty}(\theta)/r^{p}$ and $\rho(r;\lambda)\equiv\sqrt{r}e^{-ikr}$ , then $w(x)=\rho(r;\lambda)v(x)$ . Multiplying $\rho(r;\lambda)$
to (2), we get $- \rho\triangle(\frac{1}{\sqrt{r}}ew)ikr-\lambda w=\rho f$ . Finally the relation (2) is rewritten as
$\{$
$- \Delta w+(-\frac{1}{4r^{2}}+(\frac{1}{r}-2ik)\frac{\partial}{\partial r})w$ $=$ $\rho f$ ,
$\frac{\partial w}{\partial r}arrow 0,$ $r=|_{X|}$ $arrow$ $\infty$ . (5)
In particular, when $r$ is sufficiently large, we have $\rho f=0$ . From the definition of $w$ , we
have the asymptotic relation:
$\sum_{p=0}^{N}\{-\frac{p(p+1)}{r^{p+2}}ap(\theta)+2ikp\frac{a_{p}(\theta)}{r^{p+1}}+\frac{1}{4r^{p+2}}ap(\theta)-\frac{1}{r^{p+2}}\Lambda\theta a(p\theta)\}=^{o}(r-N-2)$ .
This leads to the recursion formula:
$a_{p}( \theta)=\frac{1}{2ikp}\{\Lambda_{\theta}+p(p-1)-\frac{1}{4}\}ap-1(\theta),$ $p=1,2,3,$ $\ldots$ , (6)
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with $\Lambda_{\theta}\equiv\frac{\partial^{2}}{\partial\theta^{2}}$ . We put $B(\mathrm{O})\equiv 1$ and define the operators $L(p)$ and $B(p),$ $p=1,2,$ $\ldots$ , as
$L(p) \equiv\frac{1}{2ikp}\{\Lambda_{\theta}+p(p-1)-\frac{1}{4}\}$ and $B(p)\equiv L(p)L(p-1)\ldots L(1)$ . Then we have the following
expression: $a_{p}(\theta)=B(p)a_{0}(\theta)$ , $p=0,1,2,$ $\ldots$ Accordingly, the solution $u(r, \theta)$ of (H)
has an asymptotic expansion as $r$ tends to infinity:
$u(r, \theta)\simeq\frac{1}{\sqrt{r}}e^{i}(kr\sum^{N}p=0\frac{B(p)}{r^{p}})a_{0}(\theta)+o(r-N-1-1/2)$ , (7)
and we have the asymptotic expansions for $\partial u/\partial r$ :
$\frac{\partial u}{\partial r}\simeq iku-\frac{1}{2r}u+\frac{1}{\sqrt{r}}e^{i}kr(\sum_{p=1}^{N}\frac{-p}{r^{p+1}}B(p))a\mathrm{o}(\theta)+O(\Gamma-N-2-1/2)$. (8)
In particular, we have, for $N=1$ ,
$\frac{\partial u}{\partial r}-iku+\frac{1}{2r}u+\frac{1}{\sqrt{r}}e^{ikr_{\frac{1}{r^{2}}B(1}})a_{0}(\theta)=O(r^{-7/2})$ (9)
and
$u(r, \theta)=\frac{1}{\sqrt{r}}e^{ikr}(1+\frac{1}{r}B(1))a_{0}(\theta)+O(r^{-5})/2$ . (10)
Obviously, we have the estimate:
$||(1+ \frac{1}{r}B(1))-1||L^{2}(s1)arrow H2(S^{1})<\infty$. (11)
Hence, from (10) we have the following asymptotic relation in $L^{2}(S^{1})$ :
$||a_{0}- \sqrt{r}e^{-}ikr(1+\frac{1}{r}B(1))^{-}1u||_{H(S^{1}}2)=O(\Gamma^{-2})$ . (12)
Putting (12) into (9), we get the estimate:
$||( \frac{\partial}{\partial r}-ik+\frac{1}{2r})u+\frac{1}{r^{2}}B(1)(1+\frac{1}{r}B(1))^{-}1|u|_{L^{2}(}S^{1})=O(r^{-7/2})$. (13)
We define an operator $T_{r}$ as $T_{r} \equiv\frac{1}{r}B(1)(1+\frac{1}{r}B(1))^{-1}$ . Then we have the following lemma
and theorem:
Lemma2.1 The operator $T_{r}$ is bounded in $L^{2}(S^{1})$ with norm $||T_{r}||L^{2}(S^{1})\leq 1$ .
Theorem2.2 There exists one and only one solution of the Helmholtz equation (H) which
satisfies the followings:
(K) $\{$
$-\triangle u(x)-k^{2}u(x)$ $=$ $0$ in $\Omega^{\mathrm{c}}$ ,
$u(x)$ $=$ $-\varphi_{0}$ on $\partial\Omega$ ,
$|| \frac{\partial u}{\partial r}-iku+\frac{1}{2r}u+\frac{1}{r}T_{r}u||L^{2}(S^{1})$ $=$ $O(r^{-7/2})$ , $r=|x|arrow\infty$ .
(14)
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3 Analytical approximation problem
We put $R\gg 1$ , and let $u_{R}$ be the solution of the boundary value problem:
$(\mathrm{K}_{\mathrm{R}})$ (15)
Here $D_{\lambda}\equiv\partial/\partial r-ik+1/(2R)+(1/R)T_{R}$ . Using the same function $\rho(r;\lambda)=\sqrt{r}e^{-ikr}$ as in
section 2, we put, for $R_{0}<R,$ $v_{R}(x)\equiv\rho(r;\lambda)(u_{R}(x)+\chi_{R_{0}}(x)\varphi 0(X))$ . Then $v_{R}(x)$ satisfies
the following equation
$(\mathrm{K}_{\mathrm{R}}’)\{$
$- \triangle v_{R}+(-\frac{1}{4r^{2}}+(\frac{1}{r}-2ik)\frac{\partial}{\partial r})v_{R}$ $=g$ in $\Omega_{R}^{\mathrm{c}}$ ,
$v_{R}|_{\partial\Omega}$ $=$ $0$ ,
$(_{\partial r}^{\underline{\partial}v}A+ \frac{1}{R}TRv_{R})|_{S_{R}}$ $=$ $0$ .
(16)
with $g=-\triangle(p(r;\lambda)xR_{0}(x)\varphi \mathrm{o}(x))+(-1/4r^{2}+(1/r-2ik)\partial/\partial r)(\rho(r;\lambda)xR_{0}(x)\varphi \mathrm{o}(X))$ . Since
the operator $T_{R}$ is bounded, we can define bounded operator $e^{(r/R)T_{R}},$ $r\in \mathrm{R}$ . Put $\varpi_{R}(r, \theta)\equiv$
$e^{(r/R)}v_{R(}T_{R}r,$ $\theta)$ . Then we have
$(\mathrm{K}_{\mathrm{R}}’’)\{$
$- \triangle\varpi_{R}+\{-2\tau R+(\frac{1}{r}-2ik)\}\frac{\partial}{\partial}\varpi A-\{r\tau 2+\frac{1}{4r^{2}}R+2ikT_{R}\}\varpi R$ $=$ $f_{R}$ in $\Omega_{R}^{\mathrm{c}}$ ,
$\varpi_{R}|_{\partial\Omega}$ $=$ $0$ on $\partial\Omega$ ,
$\frac{\partial}{\partial}\varpi_{A}|_{S_{R}}r$ $=$ $0$ on $S_{R}$ ,
(17)
with $f_{R}\equiv e^{(r/R)}gT_{R}$ . We introduce two operators $H_{R}$ and $Q_{R}$ as follows: $D(H_{R})\equiv\{u|u\in$
$H^{2}(\Omega^{c}R),$ $u|_{\partial\Omega}=0$ and $\frac{\partial u}{\partial r}|_{S_{R}}=0$ on $S_{R}$ }, $H_{R}u=-\Delta u,$ $D(Q_{R})=D(H_{R}),$ $Q_{R}u=$
$-2T_{R^{\frac{\partial u}{\partial r}-\tau_{R}^{2}u}}-2ikT_{R}u-2ik \frac{\partial u}{\partial r}-\frac{1}{4r^{2}}u+\frac{1}{r}\frac{\partial u}{\partial r}-u$. Then the equation (17) becomes an
operator theoretical equation:
$(H_{R}+1)\varpi_{R}+QR\varpi R=.fR$ . (18)
Putting $w_{R}\equiv(H_{R}+1)\varpi_{R}$ , we have the equation in $L^{2}(\Omega_{R}^{\mathrm{C}})$ for $w_{R}$ :
$w_{R}+Q_{R}(HR+1)^{-1}w_{R}=.fR$ . (19)
Theorem 3.1 The equation (18) has a unique solution in $L^{2}(\Omega_{R}^{C})$ given by
$\varpi_{R}=(H_{R}+1)^{-1}(1+Q_{R}(H_{R}+1)-1)-1fR$ . (20)
Proof. By Rellich’s compactness theorem, the operator $Q_{R}$ is relatively compact with
respect to $H_{R}+1$ and hence $Q_{R}(H_{R}+1)^{-1}$ is compact. In order to prove the existence of
the solution of the equation (19), we use the Fredholm alternative theorem. Hence we have
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only to show that the solution $w_{R}$ of equation (19) is zero when the right hand of (19).$f_{R}$ is
zero. Let $w_{R}$ is a solution of (19) with $f_{R}=0$ . Put $u_{R}=r^{-\frac{1}{2}}e^{i}kr\{e^{-}(r/R)\tau_{R}(H_{R}+1)^{-1}w_{R}\}$ .
Then from (19), we have (15) and
$\int_{\Omega_{R}^{\mathrm{c}}}((\Delta u_{R})\overline{uR}-uR\overline{\triangle uR})dX=0$ . (21)
Using Green’s formula, we obtain
$\int_{S_{R}}(\overline{uR}^{\frac{\partial u_{R}}{\partial r}}-uR\frac{\overline\partial u_{R}}{\partial r})d_{X=}0$ , (22)
and, from the boundary condition $D_{\lambda}u_{R}=0$ ,
$0= \int_{S_{R}}\{2ik|uR|2+\frac{1}{R}(u_{R}\overline{T_{R}u_{R}}-(\tau_{R}u_{R})\overline{uR})\}ds_{R}$ .




Then $u_{R}\equiv 0$ on $S_{R}$ when $kR>1$ , and we also have $\frac{\partial u}{\partial}rR=(ik-\frac{1}{2R}-\frac{1}{R}TR)uR=0$ in $S_{R}$ .
Finally from the unique continuation property, we have $u_{R}\equiv 0$ in $\Omega_{R}^{c}$ . This proves the
uniqueness and hence the existence of the solution of the equation (19).
1
Next, we estimate the difference between $u$ and $u_{R}$ . Putting $e_{R}\equiv u-u_{R}$ , we have the
equation for $e_{R}(x)$ :
$\{$
$-\triangle e_{R}-k^{2}e_{R}=0$ in $\Omega_{R}^{c}$ ,
$D_{\lambda}e_{R}=D_{\lambda}u$ on $S_{R}$ . (23)
In the same manner as in the proof of Theorem 3.1, we obtain
$0= \int s_{R}R\{(D_{\lambda}e_{R})\overline{eR}-e\overline{D_{\lambda}e_{R}}\}dsR-2ik\int sR|e_{R}|^{2}ds_{R}-\frac{1}{R}\int_{S_{R}}(\overline{(\tau_{R}e_{R})}eR-(T_{R}e_{R})\overline{eR})dS_{R}$ .
Hence we have the estimate:
$||e_{R}||_{L(}^{2}2s_{R})= \int_{S_{R}}|e_{R}|^{2}dS_{R}$ $\leq$ $\frac{1}{2kR}|\int_{S_{R}}\{\overline{(\tau_{R}e_{R})}eR^{-(T)}ReR\overline{e_{R}}\}dS_{R}|$
$+$ $\frac{1}{2k}|\int_{S_{R}}\{(D_{\lambda}u)\overline{eR}-eR\overline{D\lambda u}\}dSR|$
$\leq$ $\frac{1}{kR}||T_{R}e_{R}||L^{2}(sR)||e_{R}||L2(SR)+\frac{1}{k}||D\lambda u||L2(sR)||e_{R}||_{L}2(s_{R})$
$\leq$ $\frac{1}{kR}||e_{R}||2L^{2}\mathrm{t}S_{R})+\frac{1}{k}||D\lambda u||L2(S_{R})||eR||L2(sR)$ .
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Combining the estimate for $||D_{\lambda}u||L^{2}\mathrm{t}^{s_{R})}$ in (K), in section 2, we have
$||e_{R}||_{L}2(s_{R}) \leq\frac{1}{(1-\frac{1}{kR})k}||D_{\lambda}u_{R}||_{L^{2}(S_{R}})\leq O(R^{-7/2})$ .
Theorem 3.2 When $R\gg 1$ , with some constant $C$ , the estimates
$\int_{S_{R}}|e_{R}|2ds_{R}\leq CR^{-}7$ (24)






For large enough $R$ , we consider the weak formulation of the boundary value problem
$(\mathrm{K}_{\mathrm{R}}’)$ :
$a_{R}(u, v)+b_{R}(u, v)=(g, v)$ , for all $v\in \mathcal{V}_{R}$ . (26)
Here, $a_{R}(u, v)= \int_{\Omega_{R}^{c}}(\frac{\partial u}{\partial r}\frac{\partial\overline{v}}{\partial r}+\frac{1}{r^{2}}\frac{\partial u}{\partial\theta}\frac{\partial\overline{v}}{\partial\theta}+u\overline{v})rdrd\theta$ , and $b_{R}(u, v)=b_{R}^{1}(u,v)+b_{R}^{2}(u, v)$ , with
$b_{R}^{1}(u, v) \equiv\int_{\Omega_{R}^{\mathrm{c}}}(((\frac{1}{r}-2ik)\frac{\partial}{\partial r}-1-\frac{1}{4r^{2}})u)\overline{v}\Gamma drd\theta,$ $b_{R}^{2}(u, v) \equiv\int_{S_{R}}\frac{1}{R}T_{R}u\overline{v}dSR$ , and $u\in$
$\mathcal{V}_{R}\equiv H_{D}^{1}(\Omega_{R}^{\mathrm{c}})=\{u|u\in H^{1}(\Omega_{R}^{\mathrm{C}}), u|_{\partial\Omega}=0\}$ . We consider the finite element method for
this equation in the same way as in [4]. But we have to treat the term $b_{R}^{2}$ appropriately.
For this purpose we approximate $b_{R}^{2}(u,v)$ in the following way. $\mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{r}$ the problem:
$(1+ \frac{1}{2ikR}(\frac{\partial^{2}}{\partial\theta^{2}}-\frac{1}{4}))wi(\theta)=\varphi_{i}(\theta, R)$ (27)
$w_{i}(0)=w_{i}(2\pi)$ , $\frac{dw_{i}}{d\theta}|_{\theta=0=}\frac{dw_{i}}{d\theta}|_{\theta 2\pi}=$ . (28)
The weak formulation of the above equation is to find $w^{i}$ such that
$\int_{0}^{2\pi}(\frac{i}{2kR}\frac{\partial w_{i}}{\partial\theta}\frac{\overline\partial v}{\partial\theta}+(1+\frac{i}{8kR})w_{i}\overline{v})-_{\Psi(R))0}i\theta,\overline{v}d\theta=$ , (29)
for all $v\in H_{\#}^{1}(S_{R})$ .
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Here, $H_{\#}^{1}(S_{R})= \{v|v\in H^{1}(S_{R}), v(\mathrm{O})=v(2\pi), \frac{dv}{d\theta}|_{\theta=0}=\frac{dv}{d\theta}|_{\theta=2\pi}\}$ . The approximation of
$w_{i}(\theta)$ is calculated by the following set of linear equations:
$\sum_{l=1}^{n(h})\zeta hil\int_{0}2\pi(\frac{i}{2kR}\frac{\partial\psi\ell(\theta)}{\partial\theta}\overline{\frac{\partial\psi_{k}(\theta)}{\partial\theta}}+(1+\frac{i}{8kR})\psi_{\ell}(\theta)\overline{\psi_{k}(\theta)}-\varphi_{i}(\theta, R)\overline{\psi_{k}(\theta)})d\theta=0$ (30)
for all $\psi_{k}(\theta)\in \mathcal{W}_{h}\subset H_{\#}^{1}(S_{R}),$ $k=1,2,$
$\ldots,$
$n(h)$ .
Here $\mathcal{W}_{h}$ is a $n(h)$-dimensional subspace of $H_{\#}^{1}(S_{R})$ , whose basis functions are piecewise
linear on $S_{R}$ .
5 Numerical results
We set an another boundary value problem (cf [4]):
$(\mathrm{G}_{\mathrm{R}})\{$
$-\triangle u_{R}-k2u_{R}$ $=$ $0$ in $\Omega_{R}^{c}\equiv\Omega^{\mathrm{C}}\cap B_{R}$ ,
$\varphi_{0}+u_{R}$ $=$ $0$ on $\partial\Omega$ ,
$D_{\lambda} \equiv\frac{\partial u}{\partial}rR_{-iku_{R}}+\frac{1}{2R}u_{R}=$ $0$ on $S_{R}=\partial B_{R}$ .
(31)
We express the boundary condition in (31) as $A_{1}$ , and the one in $(\mathrm{K}_{\mathrm{R}})$ as $A_{2}$ . The
weak formulation of $(\mathrm{G}_{\mathrm{R}})$ is the same as (26) with $b_{R}^{2}(u, v)\equiv 0$ . We have made two
algorithms by FEM to calculate the solutions of the two boundary value problems and
compare the two numerical results calculated by these algorithms. We consider $2\mathrm{D}$ star-
shaped obstacles. Then its boundary can be expressed by a function.$f(\theta)$ of $\theta:\partial\Omega=$
$\{(x, y)|x=f(\theta)\sin(\theta), y=f(\theta)\cos(\theta), 0\leq\theta\leq 2\pi\}$.
Example 1 When $f(\theta)=1$ and $\varphi_{0}(r, \theta)=H_{n}^{(1)}(k\Gamma)\cos(n\theta)$ , we put $u_{R}^{i},$ $i=1,2$ to be
$\mathrm{t}\mathrm{h}\overline{\mathrm{e}\mathrm{S}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{s}}}$of the boundary value problem with boundary condition $A_{i}$ , and $u_{R,h}^{i},$ $i=1,2$
to be the numerical solutions with boundary condition $A_{i}$ . Suppose the following order
relations:
$||u_{R}^{i}-u_{R}^{i},h||_{L^{2}(}B_{R})\simeq C_{0},ih^{\gamma i}$ , (32)
and
$\beta_{i}(h)=||u_{R,\frac{h}{2}}^{i}-u^{i}R,h||_{L^{2}}(B_{R})\simeq C_{i}h^{\gamma:}$ , (33)
then we have
$\gamma_{i}=\frac{\log(\beta(2h))-\log(\beta(h))}{\log(2)}$ . (34)
We get numerically the order $2\gamma$ as follows:
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Table 1 Convergence order $2\gamma$
$\underline{\mathrm{E}\mathrm{x}\mathrm{a}\mathrm{m}_{\mathrm{P}^{\mathrm{l}\mathrm{e}2}}}$ Putting $\triangle=\{(r, \theta)|1\leq r\leq 2\}$ and $u$ be the solution of (H), $u_{R}^{i}$ the
solutions of $(\mathrm{K}_{\mathrm{R}}’)$ and $(\mathrm{G}_{\mathrm{R}})i=1,2$ , and $u_{R,h}^{i}$ the solutions of the weak fomulation of






We try to confirm it by numerical calculation. The following table shows
$e_{R}^{i}=||u-u_{R}^{i},|h|_{L^{2}}(\Delta)$ when $k=5,$ $n=1$ and $\varphi_{0}=H_{1}^{(1)}(5r)\cos(\theta)$ .
Table 2 Error $e_{R}^{i}$
Table 3 Error $e_{R}^{i}$
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From the estimate (35), we get, when $Rarrow\infty$ ,
$||u-u_{R}^{i},|h|_{L^{2}}(\Delta)arrow C_{2}(u_{R,h}^{i})h2$ . (36)
The numerical results are consistent with this assumption with $C_{2}(u_{R,h}^{i})\sim C$ :
$||u-u_{R}^{i},|h|_{L^{2}}(\Delta)\simeq Ch^{\gamma},$ $R>10$ . (37)
Table 4 Convergence order $2\gamma$
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